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Shear stresses in the material coordinate system
Introduction
Continuous fibre-reinforced composites are becoming very attractive materials for application the commercial aviation industry. This is mainly due to their excellent mechanical, fatigue and corrosion resistant properties. In particular, two important performance criteria are high strength to weight ratio and high stiffness to weight ratio [1, 2] . With regards to the matrix, fibre-reinforced composites can be categorised into two main types: thermoset matrix composites and thermoplastic matrix composites.
Compared to thermoset matrix composites, thermoplastic matrix composites, which utilise polymers such as Poly(ether ketone ketone) (PEKK) and Poly(ether-ether ketone) (PEEK), show higher damage tolerance and better recycling capability [3, 4] . The presence of a semi-crystalline polymer matrix results in the thermoplastic matrix composite exhibiting a more pronounced nonlinear stressstrain response in the matrix-dominated direction [5] . A high-fidelity model, for predicting this nonlinear behaviour and progressive failure, is proposed to better understand failure in thermoplastic composites and assist in the design of high-performance thermoplastic composite structures [6] .
In developing efficient and reliable predictive tools for thermoplastic composite materials, a number of researchers have made considerable progress. Sun and Chen [7] developed a numerical, finiteelement analysis (FEA) model to predict the residual stresses in components manufactured using a carbon-fibre/PEEK composite where a multi-directional lay-up of the fibres was employed. The oneparameter flow rule for orthotropic plasticity [8] was successfully employed to describe the non-linear behaviour of the fibre-reinforced composite using a thermoplastic matrix.
Mokhtari et al. [9] 
2.
The theoretical model
Introduction
The failure modes, presented by the unidirectional fibre reinforced composite laminates, are generally fibre fracture, matrix cracking and delamination [11] , Fig. 1 . In these three types of failure, the fibre fracture/kinking and matrix cracking can be summarised as intralaminar damage, and the delamination can be defined as interlaminar damage.
Based on the observed failure modes in composite laminates, both interlaminar and intralaminar damage as well as nonlinear response were considered in the developed composite damage model, which was implemented as a VUMAT subroutine in Abaqus/explicit. The details of the developed composite damage model are given in the following sections.
2.2.
Model for intralaminar damage
Intralaminar damage initiation
For the intralaminar failure, the North-western University (NU) damage criteria were employed to capture the damage initiation. The NU criteria were proposed by Daniel et al [12, 13] . These 3D criteria are partially interactive failure criteria, in which more than one stress components have been used to evaluate the different failure modes. Failure indices for NU criteria involve eight failure modes.
The failure modes included in the NU criteria are given by:
Longitudinal failure:
compression-dominated:
Transverse failure (| | ≥ | |):
Tension-dominated (| | ≥ | ( )| and ≥ 0):
Compression-dominated (|σ | ≥ |τ (τ )| and σ ≤ 0):
Shear-dominated (|σ | ≤ |τ (τ )|):
Through-thickness failure (| | ≥ | |):
Compression-dominated (| | ≥ | ( )| and ≤ 0):
Shear-dominated (| | ≤ | ( )|):
where are the stress components. 
Intralaminar damage evolution
The damage evolution law, based on the energy dissipated during the damage process and linear material softening, was used to predict the evolution of the damage in the composite plies.
Corresponding to the damage initiation mechanisms defined in NU damage criteria, eight damage parameters, , , , , , , and are defined in the damage evolution model. A general form of the damage variable for a particular damage initiation mechanism is given by: 
Where is the fracture toughness corresponding to different principal materials directions, and is the strain tensor corresponding to the damage initiation. is the characteristic length, which can be determined based on the volume of the elements. For more details of the characteristic length calculation, please refer to [6, [14] [15] [16] .
During the intralaminar damage evolution, the elasticity matrix needs to be degraded to compute the values of the degraded stresses. The achieve this, four damage variables, , , and , which reflect the state of longitudinal damage, transverse damage and through-thickness damage and shear damage, respectively, were derived from the damage parameters, , ,
, corresponding to the failure types previously discussed, as follows:
Through-thickness damage: = , | | ≥ | ( )| and ≥ 0 ,
Shear damage:
The derived damage variables, , , and , were employed to degrade the elasticity matrix to form the damaged elasticity matrix, , which can be expressed as:
is the elastic modulus in three respective material directions, and ( , = 1,2,3 ≠ ) are the Poisson's ratios. Thus, the degraded stresses can be computed from = , in which is the resulting stress tensor, is the current elastic strain tensor and the is degradation matrix.
2.3.
Model for interlaminar damage
Interlaminar damage initiation
For the interlaminar failure, a quadratic-traction criterion was employed to capture the damage initiation in the composite interface, given by:
where ( = 33, 31,32) represent the current normal and shear tractions and ( = 33, 31,32)
represent the normal and shear cohesive strengths, when the separation is either purely normal (i.e. the 33) to the interface or purely in the first shear (i.e. 31) or the second shear (i.e. 32) directions, respectively. The interlaminar damage is assumed to initiate when the above quadratic interaction function reaches a value of one.
To determine a cohesive strength, which can ensure computation accuracy whilst avoiding a very fine mesh, Turon et al. [17] proposed a modelling methodology, in which an relatively lower interface strength may be used with a relatively coarse mesh size. Thus, a cohesive strength of = 43 MPa,
for an interface between two unidirectional plies, was employed. The shear cohesive strength, = , can be determined from [17] ,
where and are the interlaminar Mode I and Mode II critical energy release rates, respectively.
Values of the cohesive stiffness and cohesive strength are shown in Table 2 for an interface between two unidirectional plies.
Interlaminar damage evolution
In the interlaminar damage model, the linear softening law was employed to model the damage evolution. During the interlaminar damage evolution, the cohesive stiffness needs to be degraded to compute the values of the degraded tractions. To achieve this, a damage parameter, , was defined to degrade the cohesive stiffness, given by: 
where ( = 33, 31,32) represent the cohesive normal or shear tractions, and ( = 33, 31,32) denote the cohesive normal or transverse displacements. ( = 33, 31,32) are the cohesive stiffness defined in the cohesive surface model.
Model for nonlinear response
In the present research, an elastic-plastic constitutive model is employed to capture the nonlinear response of the composite ply. The global coordinate system is defined as X-Y-Z and the material coordinate system is defined as 1-2-3. To establish the relationship between a complex stress state and a simple experimental stress state an effective stress, , and strain, , for modelling the plastic constitutive relationships between the stress and strain need to be derived.
The effective stress,
A quadratic stress-based yield function, arising from the results of a micromechanical FEA approach, has been proposed for a general 3-D fibre-reinforced composite [8, 18] :
where is the plastic potential. The coefficients, ( , = 1,2,3,4,5,6), which describe the extent of anisotropy in the plastic behaviour of the composite, are assumed to be constant and may be determined experimentally.
Now, Sun and Chen [5, 8, 19] have simplified Eq. (20) by incorporating the fact that for most unidirectional fibre composites the stress versus strain relation in the fibre direction is basically linearly elastic and they also considered the composite to be transversely isotopic material in the 2-3 plane.
Further, to establish the relationship between a complex stress state and a simple experimental stress state, they defined an effective stress for modelling the plastic constitutive relationship between the stress and strain. Thus, the 3-D effective stress, , for a transversely isotopic composite and linearly -elastic in the fibre direction is given by [20] :
However, it may also be noted that, in off-axis tension tests of a unidirectional composite laminate, a state of plane-stress will be present. Hence, the expression in Eq. (21) for the effective stress can be reduced to a 2-D version which gives the one-parameter flow rule as [8, 18] :
where the stresses are given by:
and is the uniaxial applied stress in the loading direction, x, and is the off-axis angle employed in the test. For tests with various off-axis angles, the in-plane stresses, and , and strains, and , can be calculated using the loading stress, , and transition matrix, [ ( )], more details are given in Appendix. Then, substitution of Eqs. (24) and (25) into (22) gives:
where [8, 20] :
As will be shown later, the value of the single parameter, , which is unknown in Eq. (27) can be readily determined experimentally from the off-axis tests conducted at different values of the off-axis angle, . Thus, this allows the value of to be determined from Eq. (26). In the discussion below, it is again assumed that we have a transversely isotopic composite, which behaves in a linear elastic manner in the fibre direction and where a state of plane stress is present in our off-axis tension tests of a unidirectional composite laminate.
The effective plastic strain,
The effective plastic strain, , gives a measure of the amount of plastic, i.e. non-linear, strain in the composite. The total strain can be linearly decomposed into the elastic and plastic strains, assuming infinitesimal strain conditions, and for the normal strains may be expressed as:
and for the shear strains as:
To define an effective plastic strain, , a similar approach to that adopted above for the effective stress may be followed [8] , which gives:
where the term ( ) is given by Eq. (27) and the term is the plastic strain resulting from the uniaxially applied load in the X-direction, which is given by:
In the above equation, , is the elastic modulus in the loading direction which can be calculated from the material properties and off-axis angle employed in the test as given in [8]:
where and are the elastic moduli, is the Poisson's ratio and is the elastic shear modulus. To characterise the relationship between the effective plastic strain, , and the effective stress, , a power law function can be used to fit all the effective stress versus effective plastic strain ( − ) data points from the off-axis angle experiments. given by [8] :
where and are the nonlinear coefficients, which can give a best fit to the − data points obtained from the different-angle off-axis tension experiments. The determination of the single parameter, , and the nonlinear coefficients, and , facilitates the calculation of the elements in the incremental plastic strain tensor, ( , = 1,2,3), given by:
The elastic-plastic constitutive relation
The classic elastic constitutive equation for the stress versus strain relationship for orthotropic elasticity may be expressed as [21] : 2 and corresponding dimensions are presented in Table 1 .
Nonlinearity characterisation
The off-axis tension experiments were employed to characterise the nonlinear behaviour of the composite ply. The geometry of the specimens for the off-axis tension experiments [25] , are shown in Fig. 3 , where X-Y refers to global coordinate system and 1-2 refers to material coordinate system. In this research, the lengthwise direction is parallel to the loading direction. All the composite specimens employed in the off-axis tension have the sample dimensions shown in Table 2 .
Experimental validation

Material and specimen
Composite panels, for proceeding specimens used in the experimental validation, were manufactured using unidirectional AS4 carbon fibre reinforced PEEK prepregs, provided by CYTEC, United States.
An Out-of-Autoclave (OOA) manufacturing route was employed to consolidate the CF/PEEK prepregs.
A hydraulic press, manufactured by Mackey Bowley, United Kingdom, was employed to produce the CF/PEEK composite panels, Fig. 4a . A diagram of the APC-2 consolidation schedule for the CF/PEEK prepregs is shown in Fig. 4b .
As a widely-used material testing method, the three-point-bending tests are easy to perform and able to introduce various failure modes into specimens, such as tensile, compressive and shear failure, which are ideal to assess the predictive capability of the computational model. Based on this, in this research, the three-point-bending experiment was employed to conduct model validation. The composite specimens for three-point bend experiments were machined from the manufactured composite panels using a diamond saw, provided by MetPrep Ltd, United Kingdom. The sample geometry and testing apparatus described in ASTM D7265 [26] was employed , Fig. 5 , where X-Y-Z refers to the global coordinate system. Details of the composite lay-up, the specimen dimensions and the testing configurations are summarised in Table 3 . All of the thermoplastic composite specimens were initially painted using matt white paint before applying a speckle pattern using black dots to facilitate the application of DIC.
Experimental procedure
A screw-driven tensile testing Instron machine was employed to conduct the three-point bend experiments. The load cell has a range of 0 to 100 kN. During the experiments, a displacement control was applied, by setting the loading rate as 1 mm/s. A DIC system was used to measure the strain of the composite specimens under three-point bending. Four composite specimens were tested successfully, and good consistency was observed from those experimental results. and cohesive contact, respectively [6, 14] . Computational accuracy was set as double precision to reduce the accumulation error during simulation. Selective mass scaling was used to provide a compromise between computation time and accuracy. A stable time increment of less than 1e-08 s was achieved, yielding an approximate run time of 21 hours on a Linux Cluster consisting of 16 CPUs.
Numerical simulation
Finite element model
Properties for model input
The mechanical properties of the unidirectional CF/PEEK composite ply, such as strength and modulus, were obtained from the data sheet [27] provided by CYTEC, United States. The fracture toughness values were extracted from the results presented in [28] and [29] . The parameters for defining the nonlinearity of the composite ply were determined based on the results reported in [25] .
The input parameters required for the developed FE model are presented in Table 4 .
Model implementation
The flow chart of the developed FE model, which includes a cohesive surface model and an elasticplastic damage model, is schematically shown in Fig. 7a . The elastic-plastic damage model is also highlighted in Fig. 7b . In the flowchart, the time associated with the experiments enters the model with the 'Model state' being equivalent to a 'step time'. The numerical model is stopped when the defined total step time has expired. The above flow-chart shows one computation step for a single element.
The computation process was performed for every appropriate single element in the FE model for mechanical response and progressive failure of thermoplastic composites.
Model validation
Load-displacement and major strain response
The load-displacement and major strain distribution, were obtained from both the experiments and simulation. Fig. 8a shows the comparison between the experimentally and numerically obtained loaddisplacement responses. It can be found that both the experimental and computational results followed a linearly elastic response at the initial stage, which was followed by a nonlinear state prior to the damage point. The experimentally measured average maximum load was compared with the corresponding computational results, which is shown in Fig. 8b . The average maximum load delivered by the experimental results was 1.04 kN ± 1.6%, and the computational maximum load was 1.02 kN, which is only 2% lower than the experimentally measured average value.
During the three-point bend experiments, the major strain of the thermoplastic composite specimens was recorded using a DIC system. A typical major strain history of the tested thermoplastic specimens is shown in Fig. 9 , along with the numerically predicted major strain evolution of the thermoplastic composite specimen. During the experiments, it was observed that, prior to initial damage, the thermoplastic specimens evenly deformed over the span length, from displacement = 0 mm to displacement = 4 mm. Some localised strain was initially observed around the central area when the displacement reached 6 mm. This was observed in both the experimental and numerical results. This level of correlation between the experimentally recorded major strain and the numerically predicted major strain confirms that the developed composite damage model is capable of predicting the major strain for thermoplastic matrix composites. Fig. 10 presents details of the energy dissipation obtained from the simulation. Prior to damage initiation, the energy was mainly stored as elastic energy, which was then released following the occurrence of damage. It was interesting to observe that the frictional energy, which was deemed to be mainly from the interaction between delaminated or fractured plies, also played a small role during the energy dissipation procedure. For comparison, the total energies measured from the experiments (shown as "Total energy-exp") in the figure were also presented in the figure, along with the computationally obtained total energy (shown as "Total energy-sim" in the figure) . The comparison shows that the predicted total energy correlates well with the experimental total energy, which further confirms that the developed composite damage model is capable of predicting the energy dissipation of thermoplastic matrix composites. The developed damage model can also predict the intralaminar damage in the composite laminates. Table 2 Nominal dimensions of specimens for off-axis tension and in-plane shear tests. Table 3 The lay-up and dimensions of the composite specimens for three-point bend experiments. Table 4 Input properties required for the modelling of AS4/PEEK composite ply. 
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